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Abstract 
The objective of this study is to estimate the influence of web openings in reinforced 

concrete deep beams by using nonlinear finite element analysis. Concrete represented 

by isoperimetric eight nodes, serendipity plane stress, elements. The reinforcement 

treated as embedded elements and considered as elastic perfectly plastic. New 

constitutive models to simulate concrete material suggested by means of a nonlinear 

regression analysis of many experimental data by using SPSS 16 – statistical program. 

Strain hardening approach was employed to model the compressive behavior of high 

strength concrete. In tension two models were used to model high strength concrete in 

the pre – peak and post peak states. A smeared fixed crack approach of cracked 

concrete in tension is assumed. Three variables included concrete strength, shear span – 

to – depth ratio and the width and depth of openings. The results indicated that the 

ultimate strength is remarkably decreased in deep beams with openings rather than 

deep beams. Experimental results for reinforced high strength concrete deep beam with 

openings compared with the finite element results and showed good agreement.  

Keywords: Deep beam, Finite element, High strength concrete, Nonlinear analysis, 

Openings, New constitutive models. 

 

 الدحلُل غُش الخطٍ للعدةاج الخشساًُث الوسلحث العوُقث عالُث الوقاوهث بىجىد الفدحاج
 هذسس هساعذ –بشاء جةاس هحوىد 

 قسن الهٌذسث الوذًُث/ كلُث الهٌذسث/ جاهعث الوىصل

 

 الخلاصث
وقاوهددث عالُددث الالعوُقددث خهددذه هددزٍ الذساسددث لدخوددُي خددالُش وجددىد الفدحدداج رددٍ العدةدداج الخشسدداًُث الوسددلحث  

باسدخذام الدحلُل غُش الخطٍ بطشَقث العٌاصش الوحدذدت  خدن خولُدل الخشسداًث بعٌاصدش سباعُدث هىمدذت الوعولُدث بطشَقدث 

خدن خاهدث اللذوًدث   –الاجهاد الوسدىٌ وخن خولُل مذَذ الدسلُح كعٌاصش هطوىست رٍ الخشساًث وخن اعدةاسهدا هدادت هشًدث 

لوددادٌ للخشسدداًث باسدددخذام الدحلُددل الدشاجعددٍ غُددش الخطددٍ للعذَددذ هددي بُاًدداج اقدددشاع علاقدداج خيىٌَُددث جذَددذت للدولُددل ا

  أسُددخذم خصدلا الاًفعدالاج اللدذى لدولُدل الخشسداًث عالُدث SPSS 16 الإمصدايٍالذساساج العولُدث باسددخذام الةشًداه  

واللداًٍ لودا بعدذها  أرُددش   الوقاوهث رٍ مالث الاًضغاط  رٍ مالث الشذ أسُدخذم ًوىرجاى الاول لوا قةل الحالث القصدىي

ًوددىرا الشددث اللابددح الوٌدشددش رددٍ الخشسدداًث الودشددققث رددٍ مالددث الشددذ  للالددث هدغُددشاج أُ ددزج بٌ ددش الاعدةدداس هقاوهددث 

وقاوهث القصدىي للعدةداج الى االخشساًث، ًسةث رضاء القص الً العوث اليلٍ وعش  وعوث الفدحاج  أظهشج الٌداي  ب

للعدةاج الخشساًُث الوسلحث خوح هقاسًث ًداي  الذساساج العولُث رٍ مالث وجىد الفدحاج  العوُقث خٌخفض بشيل هلحىظ 

العوُقث عالُث الوقاوهث بىجىد الفدحاج هع ًداي  الدحلُل غُش الخطٍ باسدخذام طشَقث العٌاصش الوحذدت وأظهشج خىارقاً 

 جُذاً 
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Introduction 
Recently, the compressive strength of concrete is be coming higher. Concrete with 

compressive strength above 100 MPa is available for structural applications [1]. 

 By using High Strength Concrete (HSC), high and complex building can constructed, 

however, its is well known, when the concrete strength is increased, concrete becomes more 

brittle. HSC is very often used in modern complicated structures with large height and span, 

such as sky – spacer, high towers, and large span bridges, structures that are more vulnerable 

to damages caused by earthquake and wind [1]. HSC is increasingly used in these buildings 

because the use of HSC can reduced the dimensions of the structural members and hence 

save space [2].  

Because the nature of fracture in HSC is brittle, therefore, the investigation behavior 

of flexure HSC members is important. When the concrete strength get higher, some of its 

characteristics and engineering properties, become different from those of normal strength 

concrete. These differences in material properties may have important consequences in term 

of structural behavior and design of HSC members [3]. 

Deep beams are structural elements loaded as beams but having small shear span – to 

– depth ratios. These have useful applications in many structures, such as tall buildings, 

foundations, offshore structures and several others and some shear walls are examples [4]. 

If the openings interrupt the load path joining the loading and reaction point, it is 

obvious that the simple load path changes to a more complex one, and the shear capacity will 

be reduced [5]. 

Yang et al., [4] tested twenty-one HSC deep beams, to investigate their shear 

characteristics with variables; concrete strength, shear span – to – depth ratio, and overall 

depth. They were concluded that the decrease in shear span – to – depth ratio, and the 

increase in overall depth led to more brittle failure, with wide diagonal cracks and high 

energy release rate related to size effects. 

Yang et al., [5] were tested thirty – two reinforced high strength concrete beams with 

or without opening. Test variables included concrete strength, shear span – to – depth ratio 

and the width and depth of the opening. They were concluded that the influence of concrete 

strength on the ultimate strength decrease in deep beams with openings rather than solid 

beams. 

Although HSC is being used in concrete deep beams with openings, there is no clear 

information regarding the effect of concrete strength on shear strength of deep beams with 

openings. 

 

Materials Constitutive Relationships 
1. Compressive Stress – Strain Relationship 

 Strain hardening approach was adopted in this study. The uniaxial stress-strain curve 

is assumed to be linear up to a stress level equals to cp 'fC  followed by a parabolic shape up 

to peak compressive stress, where pC , is the plasticity coefficient which is used to mark the 

initiation of the plastic deformation. For normal strength concrete a value of 0.3 is usually 

used and 0.5 for high strength concrete [6]. To determine the consecutive expansion of the 

loading surface during the plastic strain case it is necessary to employ the hardening rule, the 

relation between effective stress and effective plastic strain is extrapolated from the uniaxial 

stress-strain relationship.  

From the experimental results of references [7, 8 and 9], a regression analysis used to 

derive the following uniaxial stress – strain relationship of HSC in Compression, as shown in 

Figure (1) (with index of determination = 99.7%). 
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2. Compressive Strain at Peak Stress 

 A regression analysis for experimental results of references [7, 8 and 9] gives the 

following relationship between peak strain and compressive strength for HSC (with index of 

determination = 99.7%), as shown in Figure (2). 
396.0

cp f000418.0                                                                                         ………. (3) 

where; p : Peak strain (mm/mm). 

:'f c  HSC Compressive strength,  in (MPa). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure (1): Uniaxial stress – strain relationship of HSC in compression 
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Figure (2): Peak strain as function of compressive strength 
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3.  Modulus of Elasticity 

 The equation was suggested by Wee et al., [7] is adopted in the present study to 

represent the initial tangent modulus of elasticity Eit as a function of concrete strength c'f : 

)3/1(
cit f10200E                                                                                             ………. (4) 

where; Eit: initial tangent modulus of elasticity of HSC in (MPa). 

 

4. Tensile Stress – Strain Relationship 

 The tensile stress – strain relationship is represented by separating it into two regions, 

namely the pre – peak and post – peak region for HSC. 

 For pre – peak, by making a regression analysis of experimental results of references 

[9 and 10], the comparison between experimental and numerical model shown in Figure (3) 

(with index of determination of 99.96%): 
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where; f: Tensile stress corresponding to   in (MPa). 

tf  : Tensile strength corresponding to t  in (MPa). 
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For post – peak region, by making regression analysis of the experimental results of 

references [9 and 10], the comparison between the experimental and numerical model is 

shown in Figure (4) (with index of determination = 98.97%): 
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Figure (3): Uniaxial stress – strain relationship of HSC in tension at 

pre – peak region 
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5. Biaxial Behavior of HSC 

In compression – compression,  A strain hardening plasticity approach is employed to 

model the compression behavior of concrete. A hardening role is chosen to describe the 

growth of yield surface during plastic loading.  

A yield criterion was assumed to make initiation of plastic behavior [11]: 

  c
5.0

1221 f)I()J3()J,I(f                                                                    ………. (9)  

 where, I1 and J2 are the first and second stress invariants and   and  are material 

parameters: 
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where;  : Stress ratio. 

 For biaxial compression test: 

c21 f                                                                                                  ………. (11) 

  

For normal strength concrete 16.1  

[12], while, for HSC 196.1 , where 

the strength increase was 19.6% over 

that for uniaxial compression according 

to experimental results of reference [13] 

as shown in Figure (5). 

 

 In the tension – compression 

state,  a regression analysis for 

experimental results of references [14, 

15, and 16], the shape of the strength 

envelope for biaxial tension – 

compression of HSC is much more linear 

than that obtained for normal strength 

concrete, the comparison between 

Figure (4): Uniaxial stress – strain relationship of HSC in tension at 

post – peak region 
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experimental and numerical model shown in Figure (6) (with index of determination = 

98.8%): 

0.1
f

q
f

p
c

2

c

1 




























                                                                                 ………. (12) 

 

where: 

2.66f858.2f04.0f10847.1p c
2

c
3

c
4    

5.2362f2.100f41.1f00651.0q c
2

c
3

c                                            ………. (13) 

                                                                                                              

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

6. Tension – Stiffening 

 After concrete is cracked the tensile stress decrease gradually because the pervasion 

of micro – cracks, due to bond effects, the cracked concrete of tensile force normal to cracked 

plane. The concrete hangs on the steel bar and contribute to the overall stiffness of the 

system. The stiffness effect, which is called tension stiffening. It can be accounted for in an 

indirect way by assuming a gradual loss of tension strength of the concrete. A post – peak 

part of the stress-strain curve, has represented this form. 

The secant modulus of elasticity for the post – peak region used in present study as 

follows: 

ti
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where: i : the current tensile strain (mm/mm). 

Also; the stresses 1 and 2 can be calculated by: 
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i1 for, 



                                                                        ………. (16) 

where; 1 is strain in direction 1. 
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7. Shear Modulus of Cracked Concrete  

 Cervanka [17] proposed cracked shear modulus, which is used in this study: 

 

 k1GG                                                                                                  ………. (17) 

where: G is the shear of uncracked concrete, G  is the cracked shear modulus,   

k = 0.4, and   is damage parameter  

For concrete cracked in direction 1: 

 

005.01                                                                                                  ………. (18) 

For concrete cracked in direction 2: 

005.02                                                                                                  ………. (19) 

 

 After cracking occurs in one direction, the concrete parallel to the crack direction is 

still capable of resisting tensile and compressive stresses. This was taken into account 

according to relationship proposed by Vecchio [18] : 
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where; ,55.0Cs   and 
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where; 1 is the tensile strain in direction normal to the crack, and p is compressive strain 

corresponding to cf  . 

 

8. Stress – Strain Relationship of the Steel Reinforcement 

 Steel is homogeneous and has usually the same yield strength in tension and 

compression. A bilinear elastic perfect plastic model with strain hardening is used for steel 

bars as shown in Figure (7). 

 

 

 

 

 

 

 

 

 

 

 

 

 
9. Finite Element Formulation 

 The eight-node serendipity plane stress elements are used in the present study. A 
22 Gauss point integration rule (reduce rule) was given more accurate results than the full 

33 integration. This formulation can be found elsewhere in references [19 and 20]. The 

smeared crack approach with fixed cracking model was used for crack representation. 

Figure (7): Stress – strain relationship for steel reinforcement 
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 The embedded representation is used to simulate the reinforcement. The reinforcing 

bar is represented by an axial element embedded anywhere within the element. Perfect bond 

between reinforcement and concrete and its stiffness contribution can be evaluated by 

principles of superposition. The computer program used is that of reference [11] (where 

applied to fibrous concrete) with modification to be suitable for non – fibrous HSC. 

 In order to prevent the early local bearing failure due to stress concentration, the 

supports are simulated by applying a portion of 

the load at the two corners of the barriers plates 

in the reverse direction, in this study 0.15 of the 

applied load as used by reference [11] as shown 

in Figure (8): 

 

10. Numerical Applications 

 A numerical example has been chosen in order to demonstrate the applicability of the 

program in the numerical analysis of HSC deep beams. The example presents the analysis of 

HSC deep beams with and without openings tested by Yang et al., [5]. 

 All beams were 160 mm thick and 600 mm deep. The span length was constant at 

2100 mm depending on the shear span – to – depth ratio (a/h). Each beam has a main 

longitudinal reinforcement of 861 mm
2
 consisting of three 19 mm diameter deformed bars. 

At the location of loading and support points, a 100 mm wide steel plate was provided to 

prevent crushing or bearing failure as shown in Figure (9): 

 

 

 

 

 

 

 

 

 

 

 

 

 

 Three variables of main 

interest for HSC deep beam are 

concrete strength, shear span to 

depth ratio, and the width and 

depth of the opening. The center 

of web opening of all beams was 

positioned at the center of shear 

span region. Table (1) shows the 

details of tested specimens 

considered in this study and 

Table (2) shows the longitudinal 

reinforcement properties. The 

identification of symbols 

utilized in this study is given in 

Figure (10). 

0.15 R 0.15 R 

Figure (8): Support simulation [11] 

Figure (9): Typical specimen details [5] 

Figure (10): Identification of the symbols 

D B 

A C 
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Table (1): Details of test specimens [5] 

Specimen Concrete 

strength 

(MPa) 

a/h Size of opening 

(mm) 

Location of opening 

(mm) 

m1a m2h k1a k2h 

L5NN 24 0.5 0 0 0 0 

L5F3 150 180 75 210 

L10NN 1.0 0 0 0 0 

L10F3 300 180 150 210 

H5NN 50 0.5 0 0 0 0 

H5F3 150 180 75 210 

H10NN 1.0 0 0 0 0 

H10F3 300 180 150 210 

UH5NN 80 0.5 0 0 0 0 

UH5F1 150 60 75 270 

UH5F2 150 120 75 240 

UH5F3 150 180 75 210 

UH5S3 195 180 52.5 210 

UH5T3 75 180 112.5 210 

UH10NN 1.0 0 0 0 0 

UH10F1 300 60 75 270 

UH10F2 300 120 75 240 

UH10F3 300 180 150 210 

UH10S3 390 180 105 210 

UH10T3 150 180 225 210 

 

Table (2): Longitudinal reinforcement properties 

Properties With opening Without opening 

Elastic modulus (MPa) 200000 200000 

Yield strength (MPa) 420 820 

As (mm
2
) 3 – 19 mm 3 – 19 mm 

 

The specimens were 

divided into three series 

according to concrete strength 

that is L – series for 24 MPa, H 

– series for 50 MPa and UH – 

series for 80 MPa. 

 Due to symmetry, one 

half of the deep beam has to be 

idealized in order to used the 

finite element idealization 

depending on the case study as 

shown in Figure (11): 

 

Figures (12 to 19) show 

that the present study gives a 

good response as compared 

with the experimental load – 

Figure (11): Finite element mesh layout 
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deflection curves for different concrete strength (normal strength L – series and High strength 

H and UH – series), with and without openings (as shown in Table (1)), where, the shear span 

– to – depth ratio (a/h) is 0.5 and 1.0. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure (12): Load – deflection curve for (L5NN, H5NN  

and UH5NN) (a/h = 0.5) 
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Figure (13): Load – deflection curve for (L10NN, H10NN  

and UH10NN) (a/h = 1.0) 
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Figure (14): Load – deflection curve for (L5F3, H5F3 

and UH5F3) (a/h = 0.5) 
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Figure (15): Load – deflection curve for (L10NN, H10NN  

and UH10NN) (a/h = 1) 
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Figure (16): Load – deflection curve for (UH5F1, UH5F2)  

(a/h = 0.5) 
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Figure (17): Load – deflection curve for (UH10F1, UH10F2) 

(a/h = 1.0) 
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Figure (18): Load – deflection curve for (UH5S3, UH5T3) 

(a/h = 0.5) 
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Figure (19): Load – deflection curve for (UH10S3, UH10T3) 

(a/h = 1.0) 
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From the figures shown above: 

1. The deflection at mid span increased and the rigidity of the beams gradually decreased 

with an increase in shear – to – depth ratio. 

2. The concrete strength affects the rigidity of beams and its effect on rigidity gradually 

increased as the shear span – to – depth ratio decreased. 

3. The rigidity of beams with opening was rarely influenced by concrete strength due to 

decayed rigidity with an existence of the web openings. 

The general failure modes of reinforced concrete members are represented by the 

occurrence and development of cracks. Figures (20 to 23) show the cracks development at 

failure for HSC (UH – series). It was found that the crack propagation, and failure plane 

depended on the size and location of the opening. 

In solid beams, the first flexural cracks, generally appeared in the range of (10% – 

35%) of maximum load, and these followed by independent diagonal cracks. The beam 

ultimately failed at concrete struts joining the load points and supports. 

In deep beams with opening, the first diagonal cracks occurred near the bottom and 

top corners of openings (A and B are shown in Figure (10)). These cracks gradually 

developed towards the load points and supports, and there patterns depend on the opening 

size. Flexural cracks appeared in the range of (50% - 70%) of maximum load and developed 

towards corner C of the opening. With the increase in load, diagonal cracks newly formed 

near the corners (C or D) of the openings towards supports and or load points. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure (20): Crack pattern and 

failure for (UH5F3, a/h = 0.5) [5] 

Figure (21): Crack pattern and 

failure for (UH10F3, a/h = 1.0) [5] 

Figure (22): Crack pattern and 

failure for (UH10S3, a/h = 1.0) [5] 

Figure (23): Crack pattern and 

failure for (UH10T3, a/h = 1.0) [5] 
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Figures (24 and 25) 

show the longitudinal and 

shearing stresses at a load 

level of 550 kN for deep beam 

(H5F3), it is can be seen from 

these figures that higher 

stresses occurred at the lower 

right corner of the opening 

and at load and support. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

When the width of 

opening increases with a 

constant depth, the failure load 

usually decreases, also when the 

depth increases with constant 

width the failure load usually 

decreases for span – to – depth 

ratio of 0.5 and 1.0 as shown in 

the Figure (26). 

 

 

 

 

 

 

 

 

Figure (25): Shearing stress (MPa) at load level 550 kN 

for beam H5F3 [5] 

Figure (24): Longitudinal stress (MPa) at  

load level 550 kN for beam H5F3 [5] 

Figure (26): Effect of opening dimension on 

failure 
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The increasing in the 

compressive strength of deep 

beam without opening has a 

significant effects on the 

ultimate load, while, in deep 

beam with opening the 

increasing in compressive 

strength has no significant effect 

as shown in Figure (27). 

 

Table (3) shows the 

experimental and present study 

results, in terms of ultimate load 

with shear span – to – depth 

ratio of 0.5 and 1.0, a good 

agreement was noticed for 

beams specimens. 

 

Table (3): Experimental and present study results for ultimate load 

 

Specimen Concrete 

strength 

(MPa) 

a/h = 0.5 a/h = 1.0 

Exp. 

study 

(kN) 

Present 

study 

(kN) 

Exp./ 

Present 

Exp. 

study 

(kN) 

Present 

study 

(kN) 

Exp./ 

Present 

L5NN 24 1100 1100 1.0  

L5F3 500 480 1.041 

L10NN  690 720 0.958 

L10F3 250 280 0.892 

H5NN 50 1400 1435 0.975  

H5F3 560 600 0.933 

H10NN  960 1003 0.957 

H10F3 305 330 0.924 

UH5NN 80 1600 1580 1.012  

UH5F1 1000 1100 1.1 

UH5F2 800 840 0.952 

UH5F3 640 640 1 

UH5S3 668 700 0.954 

UH5T3 825 870 0.948 

UH10NN  1100 1182 0.93 

UH10F1 550 590 0.932 

UH10F2 400 440 0.909 

UH10F3 350 356 0.983 

UH10S3 310 333 0.931 

UH10T3 418 440 0.95 

 

 

 

 

Figure (27): Effect of compressive strength on 

 failure load (present study) 
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Conclusions 
This study investigated the effect of web openings through the numerical analysis to 

utilize concrete strength, shear span – to – depth ratio, and width and depth of opening. 

The adopted solution algorithm and the derived material constitutive relationships 

gave a safe and realistic prediction of the behavior and strength of the investigated HSC deep 

beam with openings. 

The deflection at mid – span increased and the rigidity gradually decreased when the 

span – to – depth ratio is increased. The width and depth of opening did not affect the mid – 

span deflection at initial loading stages, but is significantly affected the deflection after the 

occurrence of diagonal crack. 

The concrete strength did not largely affect the rigidity of beam with web opening due 

to existence of the web openings 

The influence of concrete strength on the ultimate strength significantly decreased in 

deep beams with openings rather than solid deep beams.  

The load carrying capacity of the HSC concrete deep beam with openings predicted 

by the finite element analysis gave a good agreement with the experimental study. 
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